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Abstract. We define the Hermitian tangent valued forms of a complex 1-dimensional 
line bundle equipped with a Hermitian metric. We provide a local characterisation of 
these forms in terms of a local basis and of a local fibred chart. We show that these 
forms constitute a graded Lie algebra through the Frolicher-Nijenhuis bracket. 

Moreover, we provide a global characterisation of this graded Lie algebra, via a given 
Hermitian connection, in terms of a graded Lie algebra which is generated by tangent 
valued forms and forms of the base space and which involved the curvature of the given 
Hermitian connection. 
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Introduction 

In the theory of so called "Covariant Quantum Mechanics" (see, for instance, PIIHIE]) a 
basic role is played by Hermitian vector fields on a complex line bundle in the frameworks 
of Galilei and Einstein spacetimes. In fact, it has been proved that the Lie algebra of 
Hermitian vector fields is naturally isomorphic to a Lie algebra of "special functions" of the 
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phase space. Indeed, this is the source of the covariant quantisation of the above special 
functions. In the original version of the theory, this result was formulated and proved 
in a rather involved way; now, we have achieved a more direct and simple approach to 
the classification of Hermitian vector fields and to their representation via special phase 
functions. 

In view of a possible covariant quantisation of a larger class of "observables" [I], it is 
natural to consider the Hermitian tangent valued forms. 

Thus, this paper is devoted to a self-contained analysis of the graded Lie algebra of 
Hermitian tangent valued forms of a complex line bundle and to their classification in 
terms of tangent valued forms and forms of the base space. The local classification is 
obtained in coordinates. For the global classification we need a Hermitian connection: 
indeed, this is just the connection required in gauge theories. 

All manifolds and maps between manifolds are supposed to be smooth. 

If M and N are manifolds, and F — > B is a fibred manifold, then the sheaf of local 
smooth maps M — > N is denoted by map(M, N) , the sheaf of local sections B —>■ F is 
denoted by sec(i?, F) and the vertical restriction of forms will be denoted by the check 
symbol v . 

1. Hermitian line bundle 

We start with some basic properties of a Hermitian line bundle. 

Let us consider a manifold E . The charts of E are denoted by (x A ) and the associated 
local bases of vector fields and forms by 8\ and d x , respectively. 

Then, we consider a Hermitian line bundle n : Q — > E , i.e. a complex vector bundle 
with 1-dimensional fibres, equipped with a Hermitian product [2] H : E — > C<g> (Q* <g>Q*) • 

The tensor product symbol (g) always indicates a real tensor product. 

We shall refer to quantum bases, i.e. to (local) sections b G sec(E, Q) , such that 
h(b, b) = 1 and to the associated complex dual functions z G map(Q, C) . 

We shall also refer to the associated (local) real basis (b a ) = (bi,b 2 ) =: (b,ib) and 
to the associated scaled real dual basis (io a ) = (w 1 , w 2 ) = (\(z + z), \'\(z — z)) . We 
denote the associated vertical vector fields by (<9 a ) = (81,82) ■ 

The small Latin indices a, b = 1,2 will span the real indices of the fibres. 

Thus, for each \l> G sec(E, Q) , we write 

\£ = ^ a b a = V>b, with ijj 1 , ^ 2 G map(.E, M) , j/. = $ ! +i$ 2 g map(E,C) 
and, for each $, ^ G sec(E, Q) , 

h($, ) = ^ + $ 2 ^ 2 ) + i ($ x ^ 2 - $ 2 ^) = (f)lP . 
Each \I/ G sec(E, Q) can be naturally regarded as the vertical vector field 

^ ~ * G sec(Q, VQ) : q e >-> (q e , *(e)) , 
with coordinate expression 

ijr ~ ^ = ^ a 9 a . 

We can regard h also as a complex vertical valued form h : Q — » C <S> V*Q , with 
coordinate expression h = (w 1 d 1 + w 2 d 2 ) + t (w 1 d 2 — w 2 d 1 ) . 
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The unity and the imaginary unity tensors 

1 = id Q : E -> Q* ® Q and i = i id Q : E -> Q* (g) Q 

will be naturally identified, respectively, with the Liouville and the imaginary Liouville 
vector fields 

I: Q —> VQ = Q X Q : q (q,q) and il : Q -» VQ = Q x Q : g ^ (g, ig) . 

£ E 

We have the coordinate expressions 

1 = id Q = w 1 bi + u> 2 b 2 = ^ <g> b , I = w 1 d 1 + w 2 d 2 = z ® cA 
i = i idQ = -u; 1 b 2 — -w 2 bi = iz ® b , il = w 1 d 2 — w 2 d\ = iz ® cA . 

2. Tangent valued forms 

2.1. Tangent valued forms of a manifold. 

First of all, we summarise a few essential recalls on tangent valued forms of a 
manifold. 

Let us consider a manifold M and denote a generic chart by (x x ) . 

For each integer < r , let us consider the sheaf sec(Ai", A r T*M ® TM) of tangent 
valued forms of degree r . In particular, for r = , we have the sheaf sec(iW, TM) of 
vector fields. 

Let us consider a H G sec(iW, A r T*M (g) TM) . Then, we obtain the derivations [7j 
2(H) : sec(M, A S T*M) sec(M, A r+S - 1 T*M) 
L(S) : sec(M, A S T*M) -> sec(M, A r+S T*M) , 
which are characterised, via decomposable tangent valued forms, by the equalities 
i(?®I)a = (Ai(I)a 

L(f <g> X) a = £ A L(AT) a - (-l) r_1 ^ A a . 

We have the natural (real) linear injective morphisms 

sec(E, A r T*E) -> sec(Q, A r T*E ® VQ) : £ i— > £ <g> I 

sec(£, A r T*£) -> sec(Q, A r T*E ® VQ) : f h-> if <g> I , 

whose inverse are, respectively, 

tr c : £ <g> 1 1— > f and — i tr c : f (g> I i— > £ . 

The sheaf of tangent valued forms turns out to be a graded Lie algebra with respect to 
the Frolicher-Nijenhuis bracket (FN bracket) |7j 

sec(M, A r T*M ® TM) x sec(M, A S T*M ® TM) -> sec(M, A r+S T*M ® TM) , 
which is characterised, via decomposable tangent valued forms, by the equality 

[f ® X, a ® Y] = £ A a ® [X, Y] + £ A L(X) a <g) F - (-l) r V A L(F) f ® AT 

+ (-l)X A a <g> Y - (-l) s+rs da A i(y) f ® X . 
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We have the coordinate expression 

(' 'Ai...A r ^P^A r -|_i...A r -|_ s ( "/ ^Ai...A s ^P' 'A s -j-i...A r -|_ s 

-rE't \ n d x ^ \ + (-l) rs sE^ , 8 X E P X \ ) d Xl A ... A d Xr+3 (g) <9„ . 
We have the identity 

[L(~), L(E)] =: L(S) o L(E) - (-1)"L(E) o L(S) = L([S, E]) . 

2.2. Projectable tangent valued forms. 

Now, we analyse a distinguished subsheaf of the tangent valued forms of the line 
bundle. 

Let us devote our attention to the sheaf sec(Q, A r T*E ® TQ) . 

The coordinate expression of S e sec(Q, A r T*E ® TQ) is of the type 

s = d Ai a . . . a d*- ® (~^.. Ar ^ + ~ a Ai ... Ar a B ) 

= A . . . A ® (SJI^ ^ + SJ,..^ ft) , 
wi th Ar ,S^ Ar G map(Q,iR) and S^.^ = ~ Ai . Ar + i . Ar . 

S is said to be projectable if TiroE e sec(Q, A r T*E®TE) factorises through a section 

5 G sec(£, A r T*£ <g> T.E) . 

Thus, S is projectable if and only if E A Xr e map(-E, -K) . 

We denote the subsheaf of projectable tangent valued forms of degree r by 

proj(Q, A r T*E ® TQ) C sec(Q, A r T*E ® TQ) . 

In particular, we have the subsheaf of vertical valued forms 

sec(Q, A r T*E ® VQ) C proj(Q, A r T*E ® TQ) . 

The sheaf of projectable tangent valued forms is closed with respect to the FN bracket. 
For projectable tangent valued forms, we have the identity 

[S,E] = [5,E]. 

For projectable tangent valued forms, we obtain the coordinate expression 

[s,e] = (s^ A <9pE A x -(-lrs^ A a,s^ x 

L ' J V Ai...A r P A r +i...A r + s V / Ai...A s P A s +i. ..A r + S 

— rS' 1 9\ E p + f— h) rs s E' 1 9\ S p V 

• d Al A ... A d Ar+a <g> 

^ V"Ai...A r L V Zj A T . + i...A r+s I ^ ^Ai...A s u P"\ B+1 ...X r+B 
+ "Ai...A r ^b^A r +i...A r+a ~~ (~l) rS E Al As <9b-A s+ i...A r+s 

~~ r -A 1 ...A r _ 1 p^A r E Ar+i Ar+s + (-l) rs s E Ai As _ lp d\ 3 ^ p Xs+i ... Ar+ J- 

• d Al A ... A d Ar+s <g> <9 a . 
Moreover, for decomposable projectable tangent valued forms, we obtain 

[£®X, a ® Y] = £ A a ® [X, Y] + f A L*<7 ® ^ - (~l) rs o- A Ly£ <g> X 

+ (-l) r d£ A ixa ® Y - (-l) rs+s daMvi®X. 
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2.3. Linear tangent valued forms. 

Next, we analyse the subsheaf of linear tangent valued forms of the line bundle. 

A projectable tangent valued form S is said to be (real) linear if it is a (real) linear 
fibred morphism over its projection S . 

Thus, a projectable tangent valued form S is (real) linear if and only if 

= S A,..A,b w h , with G map(£, R) . 

If S is a (real) linear tangent valued form, then we have [S, I] = . 

We denote the subsheaf of (real) linear tangent valued forms of degree r by 

lin R (Q, A r T*E (8) TQ) C proj (Q, A r T*E <g> TQ) . 

The sheaf of (real) linear tangent valued forms is closed with respect to the FN bracket. 

A (real) linear tangent valued form S is said to be complex linear if it is a complex 
linear fibred morphism over its projection S . 

Thus, a projectable tangent valued form S is complex linear if and only if 

"Ai...A r = "Ai...A r z ^ ' with Z z Xi \ rZ em&p(E,lR), 
i.e., if and only if 

"Ai...A r l — "Ai...A r 2 ancl "Ai.-.Ar. 1 — ~~ r 'X 1 ...X r 2 • 

In such a case, we have 

_ ~1 ,—2 _ ^2 ;~1 

"Ai...A r 2 ~~ "Ai...A r l ' l "Ai...A r l — "Ai...A r 2 l "Ai...A r 2 ■ 

If S is a complex linear tangent valued form, then we have [S,il] = . 

We denote the subsheaf of complex linear tangent valued forms of degree r by 

lin C (Q, A r T*E <g> TQ) C lin K (Q, A r T*E <g> TQ) . 

The sheaf of complex linear tangent valued forms is closed with respect to the FN 
bracket. 

2.4. Hermitian tangent valued forms. 

Eventually, we introduce the notion of Hermitian tangent valued forms. 

2.1. Lemma. If a e sec{Q,V*Q) and S £ proj(Q, A r T*E <g> TQ) , then the Lie 
derivative L(E)a is well defined, in spite of the fact that the form a is vertical valued, 
and has coordinate expression 

L(E)a = (~^.. Ar d,a a + S$ lmAp c\ « a + « b <9 a S^... J <i Al A ... A d Xr (g) <f . 

Proof. If a G scc(Q,T*Q) is any extension of a (obtained, for instance through a connection of the 
line bundle), then let us prove that the vertical restriction "to one variable" 

L(E)a =: (L(E)&) Vl G sec(Q, A r T*E <g> V*Q) 

does not depend on the choice of the extension a . 

The coordinate expression of a is of the type a — eP + a a d a . 
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Then, the expression E = d Xl A . . . A d Xr ® (S^ Ar d\ + Ar <9 a ) , with ir =0, yields 

L(E) a = d Xl A ... A d Xr A 

A ((Sai.-At^a + S A 1 ...A„<9 b aA + a„0 A 5£ i ... Ar + a b <9 A S A \ ... A Jd A 

+ (S^... Ap + Ar 9b a a + a b 5 a S^... A J d a ) . 

Eventually, by considering the natural map 

Vl : ® r+1 T*Q ® r T*Q ® F*Q : /3 1 ® . . . ® /3 r+1 ^ ^ /3 1 ® . . . ® /3 l ® . . . ® (3 r+1 , 

l<j<r+l 

we obtain the section 

(L(S) a) Vl = (S^ Ar 0„a a + ... Ar + 9 a S^... Ar a b ) d Al A . . . A d A " ® <T , 
which turns out to be valued in the subspace A r T*E ®V*Q C ® r T*Q ®V*Q . QED 

A (real) linear tangent valued form S is said to be Hermitian if L(S)H = . 

2.2. Lemma. For each S 6 lin A r T*E®TQ) , we have the coordinate expression 

L(S)h = 

= (2 5 Al ... Arl w 1 + (S^... Arl + Si lmAr2 ) «; 2 - iS^.u; 2 ) <i Al A ... A <i Ar ® J 1 
+ (2 5l,.. Ar 2«' 2 + (^,.. Ar i + 2 Al ... Ar2 ) + iS^... Ara ti; 1 ) <i Al A ... A d Xr <8> d 2 . □ 

2.3. Proposition. Each Hermitian tangent valued form S turns out to be complex 
linear. Moreover, S e lin j?(Q, A r T*E <8> TQ) is Hermitian if and only if it is (locally) of 
the type 

E = x[b](S)+iS[b] <g>I, with S[b] e sec(E, A r T*E) , 

where x[b] is the (local) flat connection oi Q ^ E induced by the basis b . 
In other words, S is Hermitian if and only if 

"Ai...A r l — "Ai...A r 2 — u dIla "Ai...A r l — "Ai...A r 2) 

i.e. if and only if its coordinate expression is of the type 

S = d Al A . . . A d Xr <g> (E^...^ 9 A + i S A ,.. Ar I) , 
with E*.. -Ar G map(£, iR) , H Al ... Ar = ^ i = -E^. ^ 2 G map(£, iR) . □ 

2.4. Corollary. In particular, the Hermitian vertical valued forms S are of the type 

E = iS<g>I, with S e sec(E, A r T*E) . 

Hence, the Hermitianity of vertical valued forms does not depend on the choice of the 
Hermitian metric H . Moreover, the form S is global and does not depend on the choice 
of the basis b . □ 

We denote the subsheaf of Hermitian tangent valued forms of degree r by 
her (Q, A r T*E <g> TQ) C lin c (Q, A r T*E <g> TQ) . 
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Each E £ her (Q, A r T* E®TQ) can be written locally as sum of decomposable tangent 
valued forms of the type 

£ <g> Y , with f £ sec(£, A r T*E) , Y £ her (Q, TQ) . 

However, in general this decomposition is not unique and holds only locally. 
If E £ her (Q, A r T*E <g> TQ) and a £ sec(.E, A S T*E) , then 

aAHeher (Q, A r+S T*E ® TQ) . 

2.5. Graded Lie algebra of Hermitian tangent valued forms. 

We show that the sheaf of Hermitian tangent valued forms is closed with respect 
to the FN bracket. 

2.5. Lemma. For each E £ sec{E, A r T*E) and E £ sec{E, A S T*E) we have 

[iS<g>I, iE<g>I] = 0.D 

2.6. Lemma. For each E £ sec( J E, A r T*E <g> TE) and E £ sec(£;, A S T*E <g> T£) , we 
have 

[x[b](s), x [b](E)]=x[b](IE,E]).n 

2.7. Lemma. For each S, £ sec(E, A r T*E <g> T.E) and £ £ sec(£, A S T*E) , we have 

[x[b](S), =i(L(S)E)®I.D 

2.8. Theorem. T/ie s/ieo/ o/ Hermitian tangent valued forms is closed with respect to 
the FN bracket. 

Indeed, for each E £ her (Q, A r T*E ® TQ) and £ £ her (Q, A S T*£ <g> TQ) , we /iawe 

[x[b](S)+iS[b]®I, X [b](E)+iE[b]®l] = 

= X [b] ([S, £]) + i (L(S) S[b] - (-1)"L(E) S[b]) ® I . □ 

2.9. Corollary. The sheaf of vertical Hermitian tangent valued forms is an abelian 
subalgebra and an ideal of the algebra of Hermitian tangent valued forms. 

Indeed, for each E £ her (Q, A r T*E <g> TQ) and E £ her (Q, A S T*.E ® VQ) , we have 

[x[b](S)+iS[b](g)I, i£<g>l] =i(L(S)E) <g>I.D 

2.10. Corollary. The sheaf of Hermitian vector fields turns out to be a subalgebra of 
the algebra of Hermitian tangent valued forms. 

Indeed, for each X, Y £ her (Q, TQ) , we have 

[x[b]QQ + i*[b] I , x [b](y) + iF[b] I] = x [b]([X, Y]) + i (X.Y\b] - Y.X[b]) I . □ 
Each Y £ lin K (Q, TQ) turns out to be Hermitian if and only if 

L{Y) H($, *) = H(L(y) $ , *) + h($ , L(Y) , V $, * £ sec(£, Q) . 
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3. Classification of Hermitian tangent valued forms 

The above results provide a local characterisation of Hermitian tangent valued 
forms in terms of a basis or of a fibred chart. 

On the other hand, the choice of a global connection allows us to exhibit a 
global characterisation of Hermitian tangent valued forms in terms of tangent 
valued forms and forms of the base space. 

3.1. Hermitian connections. 

In view of the above global characterisation, we recall a few basic properties of 
Hermitian connections. 

Let us consider a connection of the line bundle c : Q —> T*E®TQ , i.e., tangent valued 
1-form, which is projectable on 1e ■ 

Its coordinate expression is of the type c = d x ® (d\ + c x <9 a ) , where c A G map(Q, R) . 
The vertical 1-form u[c] : Q — > T*Q £g> VQ associated with c has coordinate expression 

v\c\ = (d a - c\ d x ) ® <9 a . 

For each H G pro j (22, A r T*E TQ) , we have the covariant exterior differential jH] 

d[c]S =: [c, S] : proj(22, A r+1 T*E ® VQ) , 

with coordinate expression 

d[c]E = ( - d Xl E^ K+i e p - E^.. Xr+i 

+ ^ 2 ... Ar+1 + c\ d h ~\ 2 ... Ar+i - d h cl H^ 2 ... Ar+l ) o? Al A ... A 8) d & . 
The curvature of c is denned to be the vertical valued 2-form jH] 
R[ c ] = : _d[ c ]c =: -[c, c] : £? -»■ A 2 T*E ® VQ , 
with coordinate expression R[c] = —2 (d\c p + c A c\c^) d A A d? ® <9 a . 

3.1. Lemma. For each E G sec(22, A r T*E ® T2?) and E G sec(22, A S T*E <8> T2?) , we 
have 

[c, c(S)] = H j J2[c] and [c(S), c(E)] = c([E, E]) - #[c](E,E) , 

where E jR[c] and i?[c](S, E) are denned, via decomposable tangent valued forms, by 

(f ® X) j #[c] = (-l) r e A (X j i2[c]) 
fl[c](£®X, = ((Affl^^jlj^c]). 

Proof. We have 

Ml)] = 

= ( - ^Ai"A 2 ...A r+ i C P _ ^P C Ai "A 2 ...A r+ i 

+ Sa 1 SS s „. Ah . 1 + d Xl c a p + c h Xi 5^ 3 ... Ar+i - fl,,^ ££ 2 ... Ar+i ) d Al A ... A d A "+ 1 ® 9 a 

= -(^c^ - d Al c* + c h p d^l - c h Xl d h c*) H^ 2 ... Ar+1 c? Al A ... A ® 9 a 
= *k, S^... Ar+1 d Xl A...A<^®d a . 
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Moreover, we have 

[c(S), c(E)] = 

= ("Ai...A r ^P S A r+ i...A r+s - S Ai...A 3 ^"A s+ i...A r+s 

- r^ Xl ... Xr _ lp d^l +1 ... Xr+s + (-If 5 s K...x.- lP d ^i 3+1 ...x r J dXl A • • • A dK+a ® 9 m 

+ ("Ai...A r ^P C p ^A r+ i...A r+s + "Ai...A r C M ^P^A r+ i ...A r+S 

- (-1)" (S^ As <9 p C^ - As+1 . Ap+s + S Ai...A s C p ^"A s+ i...A r+s ) 
+ c p "Ai.-.Ar ^bC^ Ar+s - (-l) rS C° p T, P Xi Xa d h C^ -A s+ i...A r+s + 

- r cl Z^ Xr _ ip d Xr El +i ^ Xr+s + (-ir s cl ^ Xl ... Xa _ lp d X E p Xs+i K+s )d^ A ... A d a 

= ( S A!...A r (9 P E A r+ i...A r+s - : Ai ... A s P' 'As+i . .. A r -f s 

-rE't A O A \ + (-l) rs s£ A 4 A o Aa H? A ) d Al A . 

+ C p ( S Ai...A r 5 P S A r+1 ...A r+3 _ (-1)" S Ai...A s 9 P S A s+ i...A r+s 

~rz^.. Xr _ lp d x xi +i ^ +3 + (-ir 

+ {d P cl + c h p d h c*) (S^... Ap S5t p+1 ... Ap+ . - (-1)"S^... A3 ^ r+i ... Ar+s ) ^ A 

( l— 'Ai...A r ^/ 9 ^A r -)_i...A r -)- s ( ^) ^Ai...A s ^P 1- 'A s _(-i . . .\ r + s 

-rZ>t . d A E? x +(-ir,sE^ x „9 A S^ . ) rf Al A . . . A d A "+* ® 9„ 

Ai...A r _i/9 A r A r +i...A r + s v y Ai...A s _ip A s A s + i...A r+s / ^ P 

J A 3 + i...A r+3 

~r^ Xl ... Xr _ lp d Xr Vl + ^ Xr+s + (-1)'- s ^ Xl ... Xa _ lp d x Zl +1 ... Xr Jd^ A ... A d A -» ® 9 a 
+ (9 P < + c> d h c*) (S^... Ar S5t r+1 ... Ap+ . - SL.. Ap £w.. Ap+s ) ^ A ... A d A ^ ® 9 a . QED 

For each \1> G sec(£ ! , Q) , we obtain the covariant differentials 

V[c]^> e (E, T*E <S> Q) and d[c]^f G sec(Q, T*E <g> VQ) , 
with coordinate expressions 

V[c]* = (<9 A ^ a - c^of)d A ® b a and d[c]tf = (d A ^ a - 4c A ^ b ) rf A <g> d a . 
Now, let us consider a (real) linear connection c . 

The above covariant differentials V[c]^ and d[c]^f can be naturally identified. 
The connection c turns out to be complex linear if and only if V(i\l / ) = i V\l/ , for each 
^ G sec{E, Q) . 

3.2. Lemma. L(c)h : Q -> C <g> (T*£ ® and Vh : £ -> C <g> (T*£ <g> Q* <g> Q*) 

turn out to be equal, up to a natural isomorphism. 

Proof. We have the coordinate expressions 

L(c) h = (2 c\ ! w 1 + (cl 1 + c\ 2 ) u; 2 - i c\ a W 2 ) d x ® d 1 
+ (2c 2 X2 w 2 + (cl 1 +c\ 2 )w 1 +ic a Xll w 1 )d x (E> d 2 

V(c)h= rf A ® (2c A1 w 1 + (c A1 +c A2 )w 2 -ic Aa w 2 ) ® w 1 

+ rf A O (2c| 2 w 2 + (c 2 xl + c\ 2 ) w 1 +ic^ a w 1 ) (8) w 2 . QED 



. . A d A ^+ 3 ® d p 

. . A d A, -+ s (g> 9 a 
... A d Ar+s ® <9 a 



10 



J. JANYSKA, M. MODUGNO 



3.3. Proposition. The connection c turns out to be Hermitian (see also 0111) if and 
only if V H = , i.e. if and only if 

d(h(V, $)) = h(W, $) + h(tf, V$) , V^, $ G sec(E, Q) . 

According to Proposition 12. 3[ c is Hermitian if and only if it is locally of the type 

c = x[b]+iA[b]<g>I, with A[b] G sec(-E, T*E) . 

In other words, c is Hermitian if and only if c A1 = c A2 = an d c A1 = — c\ 2 , i.e. if and 
only if its coordinate expression is of the type 

c = d x ® (d\ + i A\ I) , with A x = c 2 xi G map(E, R) . □ 
Now, let c be Hermitian. 

We have the coordinate expression Vtf = (d x *jj -iA x ifj)d x ®\) , G sec(E,Q) . 

3.4. Lemma. For each S G her (Q, A r T*E <g> TQ) , we obtain 

d[c]S = i(d[c]S) ®I, 

where (d[c] S) G sec(E, A r+l T*E) is given by 

(d[c]S) = L(1 E )E - (-lfm A\b] 
= dE-(-lYL(E)A[b] 

and has coordinate expression 

(d[cj H) = (9 Al H A2 ... As+1 - (A,«9 Al ~^.. Afl+i + a p A Al H p A2 ... As+1 )) <i Al A ... A d^ . □ 
The curvature of c is 

i2[c] = -i$[c] tg)I, 

where $[c] : E — > A 2 T*E is the closed 2-form given locally by $[c] = 2cL4[b] . 
Thus, we have the coordinate expression $[c] = 2 <9 M A A # A d x . 

3.2. Global classification. 

Eventually, we show that the choice of a Hermitian connection yields a global 
classification of the Lie algebra of Hermitian tangent valued forms of the line 
bundle. 

Let us consider a Hermitian connection c . 

3.5. Lemma. If S G sec(E, A r T*E <g> TE) , then c(S) G her (Q, ATE ® TQ) . □ 

3.6. Proposition. We have the following mutually inverse isomorphisms 
h[c] : her (Q, A r T*E tg> TQ) sec(E, A r T*E <g> TE) x sec(E, A r T*E) 
j[c] : sec(E, A r T*E g> TE) x map(E, A r T*E) -> her (Q, A r T*E <g) TQ) , 
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given by 

lj[c] :Ei-> (s, -itr(i/[c](E))) and )[c\ : (S, S) ^ c(S) + iS <g> I , 
i.e., in coordinates 

f)[c](S) = (3*^ d Al A . . . A d** ® 5„ , (S Al ... Ar - . . . J d Al A ... A d*-) 

j[c](S, S) = d Al A ... A d Ar ® (S^...^ + i (4, ... Ar + S A ,.. A J (g) I) . □ 

3.7. Lemma. Let us consider a closed 2- form $ of ^ and define the bracket 

(sec(E, A r T*E(g)TE) x sec(£, A r T*E)) x (sec(£, A S T*E®TE) x sec(£;, A S T*E)) 

-> (sec(£, A r T*E <S> TE) x sec(£;, A r+S T*.E)) , 

given by 

[(S^SO, (S 2 ,S 2 )] $ =: ([S 1; S 2 ], $(S 1 ,S 2 ) + L(S 1 )S 2 -(-l)"L(S 2 )S 1 ), 
where $(S 1; S 2 ) is defined, via decomposable tangent valued forms, as 

$(£ (8) X, a (8) y) =: (f A a) y) . 
Then, the above bracket turns out to be a graded Lie bracket. 

PROOF. The graded commutativity of the 1st component follows from the fact that [S l5 S 2 ] is the FN 
bracket, which is a graded Lie bracket. 

Moreover, the anticommutativity of the 2nd component follows from the equality 

<J>(S 1; S 2 ) + L(S 1 )S 2 - (-1)"^)*! = -(-1)" ($(52,50 + L(E 2 )E 1 (-1)^(5,) S 2 ) . 

Next, let us prove the Jacobi property. Let us consider three pairs IT, =: (5 i5 Sj) , with 
5 4 G sec(.E, K l T*E <g> TE) and £; e sec(£, A'T*£) , 
where i denotes the degree of the i-th form, and set 

(£,£) =: [n l7 pi 2) ii3]*] 4 + (-i)W) [n 2 , [i^nd^ + t-i) 3 ^ [n 3 , [n, n 2 ]*] 4 , 

where 

[H i5 II,-]* =: ([5,,^.] , $(5,,!,.) + L(5,) Sj - (-1)^(3,.) Si) . 
Then, the Jacobi property of the 1st component follows from the Jacobi property of the FN bracket 

S =: [5 1; [5 2 , SJ] + (-l)W) [s 2 , g 3 , 5,]] + (-l) 3 ^ [S,, [5 l5 SJ] = 0. 
Moreover, the Jacobi property of the 2nd component follows from the following facts. 
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We have 



t = [H 2 ,S 3 ]) + (-1)^ <i>(S 2 , [S,,^]) + (-1)^ $(S 3 , [S 1; S 2 ]) 

+ £(IiMl 2 ,E 3 ) + (-l)W) L(S 2 )$(H 3 , S x ) + L{ ^ )mi ^ 2) 



= $(S 17 [S 2 ,S 3 ]) + (-1)1(5+2) $(S 2 , [S,,^]) + (-1)3(1+2) ^ Ei ^ 2]) 
+ ifH^g^) + (-1)^3+2) L(S 2 )$(S 3 , + (-1)3(^+2) S 2 ) . 



On the other hand, for decomposable tangent valued forms S f = & ® A", we obtain 



E = $(Xi, [X 2 ,X 3 ])6 A6A6 + (-l) I(W) $(l2, [*3,*i]H 2 A&A£i 
+ (_l)3(i+2) $ ^ 3) [ Xl ,X 2 ])^ 3 A ^ A 6 

+ $(AT 1; X 3 ) d A 6 A L(A 2 )£ 3 + (-l) T ( 3 +2) $(A 2 , A^) 6 A 6 A L(X 3 )& 
+ (-1)3(1+2) $( ^ 3j ^ A ^ A L ( Xl ) 6 

- (-I) 53 <t>(X u X 2 ) 6 A 6 A L(X 3 )6 - (-1) 13 $(X 2 , X 3 ) 6 A 6 A L(Xi)& 

- (-l) K +3(i+2) $(X 3 , Xi) 6 A 6 A L(X 2 )a 

+ (-1) 5 $(X U X 3 ) £i A d& A *(X 2 )& + (-1)3+^(3+2) $(X 2 , X x ) 6 A d& A i(AT 3 )a 
+ (-l) I +3d+2) $(X 3 , X 2 ) £ 3 A d£i A i(Xi)^ 2 

_ (-1)3+53 $( Xl ,X 2 ) 6 A dfa A i(X 3 )& - $(* 2 ,X 3 ) ^ A dfi A i(Xi)& 

- (-1)2+^2+3(1+2) ^ Xi) ^ A da A i(X2)6 

+ 6 A L(Xi)($(X 2) X 3 ) 6 A 6) + (-l) T (3+2) £ 2 A L(X 2 )($(X 3 , Xx) £ 3 A &) 
+ 6 A L(A 3 ) mX 1 ,X 2 ) A 6) 

+ (-l) 1 ^! A t(X 1 )mX 2 ,X 3 ) 6 A £3) + (-1)2+1(3+2) rf6 A i(X 2 )($(X 3 , *i) 6 A £1) 
+ (-1)3+3(1+2) ^ A ;(X 3 ) ($(*!, X 2 ) 6 A 6 ) 7 
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i.e. 

S= ($(X U [X 2 X 3 ]) +$(A 2 , [X 3 Xi])+$(X 3 ,[Xi X 2 \) 

+ X^{X 2 ,X 3 ) + X 2 .$(X 3 , + X 3 .*{X lt X 2 )j Ci A 6 A ^ 

+ $(X l5 X 3 )(a A 6 A L(X 2 )& + (-l) i5+5i+32 6 A 6 A L(X 2 )£i 

-(-l) I3+I2 6Ai(X 2 )feA6)) 
+ X 2 )( - 6 A 6 A L(X 3 )£i - & A & A L(X 3 )& 

+ ( _l)13+32 6 A I (l3 ) KlA6) ) 

+ $(X 2 ,X 3 )( - & A & A L(*i)& - 6 A 6 A L(*i)& 

+ £iAL(Xi)(£ 2 A£ 3 )) 
+ X 3 )((-l) 5 6 A d6 A t(X 2 )& + (-1)2+15+31+32 ^ A d6 A - (X2)6 

_ ( _ 1) 2 + I3 + 12 ^ 2Ai (X 2 )(6Aei)) 
+ $(Xi,X 2 )( - (-1) 5+I3+I5 6 A d& A i(X 3 )& - (-1) S+S2 6 A d£ 3 A i(X 3 )& 

+ ( _ 1)3+ 13 + 32 ^ A i(X 3 )(6A6)) 
+ <f>(X 2 ,A: 3 )( - (-l) I+I3+32 & Arf^i Ai(Xi)& - Ad£i Ai(Xi)& 

+ (-l) I <iA ! (I 1 )(( 2 A&)) 

= d$(l 1 ,l 2l J3)6A6A6, 
which vanishes for a closed $ . QED 

Now, let us refer to the 2-form $[c] =: i tri?[c] associated with the curvature of c. 

3.8. Theorem. The map 

j[c] : sec( J E;, A r T*E <g> T.E) x map(£, A r T*E) -> her (Q, A r T*E <g> TQ) 

a graded Lie algebra isomorphism with respect to the graded Lie bracket [,]$[ c ] and £/ie 
FiV bracket. 

Proof. We have 

[c(H), c(E)] = cflH, E]) - fl[c](3,£) - c([S, £]) +i*[c](H, E)I, 
[c(H),iSl] = t(L(S)E)I, 
[c(E),iSl] =t(L(E)S)I, 
[tSI, iEl] =0, 

which implies 

[j [c] (3, 5) , j [c] (E, E]] = [c(S) + v 3 I , c(E) + 1 E l] 

= [c(S), c(E)] + [ C (H), iEl] + [iSI, c(E)] + [iSI, iEl] 
= cflH, £]) + i (*[ C ](H, E) + L(S) S - (-1)" L(E) S) I 
= j[c](H, E] , $[c](S, E) + L(H) £ - (-1)" L(E) H) 
= j[c]([(S,S), (E,E)] $[C] ).QED 
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3.9. Corollary. The map 

her (Q, A r T*E ® TQ) -> sec(£, A r T*E ® T.E) : 3 i-> 3 
is a central extension of graded Lie algebras by sec(E, A r T*E) . □ 

We stress that in the Galilei and Einstein frameworks the graded Lie bracket [ , ] $ is 
closely related to a special phase bracket jU |5] induced by the background geometric 
structure of the base space E . Indeed, this is the source of a quantisation of forms. But 
this matter is beyond the scope of the present purely geometric paper. 
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